WEAK ASYMPTOTIC PROPERTIES OF PARTITIONS

BY
EUGENE E. KOHLBECKER()

1. Introduction. Let A be a denumerable set of distinct positive numbers
without finite limit point. Then the elements of the set can be arranged in a
sequence A;<Ay<MX3< - - -, where A tends to infinity with k. Let 0
=po<p;<y;< - - - be the elements of the additive semi-group generated by
A. Let p(v;) denote the number of ways of expressing »; in the form m\
+mohe+mahs+ - - -, where the m; are non-negative integers. The generating
function f(s) of p(vx) is given by

o0

16 =TT = et = 3 plmen.

k=1 m=0

We are concerned only with sets A which are such that both the product and
the sum converge for all s>0.

More generally we can consider the weighted partition function p(vm)
defined by the generating function

@) = I = e ® = 3 plm)en,

where (%) is a function on the positive integers into the non-negative reals
such that the sum and product are both convergent for all s>0. (Actually
convergence of either the sum or product implies convergence of the other.)

Here
p(v) = > fI (K"(k) + my — 1)

miAjFmohgd + + » =v; k=1 my

where the summation is taken over non-negative integers my, and is finite.
The kth factor in the product is equal to 1 for all k such that A\ >»;. When
Y(k) =1 for all positive integers k, this reduces to the case discussed in the
preceding paragraph.

Letting n(u) = > a,su ¥(k), we have
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log f(s) = 3 ¥(#) log (1 — et

L]

= 3 {n()\k) — n(hi=1)} log (1 — e~ + n(\y) log (1 — &™)~

k=2

0

= > n(w){log (1 — e)~1 — log (1 — e=Mw)—1}

0 Ne+1 eus
> nw)s f du
A

1 * — g us

0 e—u3
= sf n(u)du,
A

, 1 —ee

where the above computation is justified if #(At—1) log (1 —e~*)-! tends to
zero as k tends to infinity. This is in fact the case since

k—1
0 = n(hk—1) log (1 — &)= = >~ Y(m) log (1 — e=™¥)~1
ko 0
S 2 vm)log (1 — ™) 4+ 35 y(m) log (1 — ),

m=1 m=ko+1

where ko can be chosen so that D _n_ k1 ¥(m) log (1 —e=*m)~1<e (in view of
our assumption about ¥) and where D>_%_, ¢(m) log (1 —e~*)~1—0 as k— .
Now letting P(#) = J_,.<u #(v:), we have

0

3 plmen = 3 {Pu) = Plon-)}e

m=0

Z P(v,,.){ —m — e‘*’""'+l = sf P(u)e **du,
m=0
where the computation is justified as in the preceding paragraph.

Thus we have the following basic relation between the functions #(#) and
P(u):

(1) exp {s‘f°° 1 e‘:‘—w n(u)du} = sfwP(u)e‘“‘du.
(1] - 1]

The object of this paper is to show that an asymptotic relation of the form
n(u)~u*L(u) as u— «, where a is a positive constant and L is a slowly
oscillating function in the sense of Karamata [6](2), is equivalent to an
asymptotic relation of the form log P(u)~wu/etDL*(y), where L* is a slowly

(® Numbers in brackets refer to the bibliography.



348 E. E. KOHLBECKER [July

oscillating function, related to L by a certain implicit formula which can be
solved for L* in the cases usually encountered. The special case of this where
L(u) is a constant was given by Knopp [7] and Erdés [3]. When L(«) is a
power of log # the deduction in one direction (from n(u) to P(#)) was made
by Brigham [1] using results of Hardy and Ramanujan [5].

When we start from the assumption about n(#) we get an asymptotic
formula only for log P(%#) and not for P(u) itself, so that the results are weak
in this sense. However it should be noted that the assumption made on n(u)
is a very simple and natural one, and the resulting asymptotic law which we
obtain for log P(u) is equivalent to the original assumption made for n(u).

The proof of the above equivalence uses only the obvious monotonicity
of n(u) and P(u) and the basic relation (1). Thus, more generally, starting
with equation (1), where n(#) and P(u) are functions on the non-negative real
numbers such that

R R | R
f M du, f M du, and f P(u)du
0 u 0 u 0

exist in the Lebesgue sense for every positive R, and « and L*(u) are as be-
fore, we obtain the following:

(i) If n(uw)~u=L(u) as u—x and P(u) is nondecreasing then log P(u)
~yel DL *¥(y) as u— o,

(ii) If log P(u)~wua/@+*DL*(y) as u— o and n(#) is nondecreasing, then
n(u)~u*L(u) as u—

Thus most of our results will be stated for functions n(x) and P(u) satis-
fying the foregoing conditions (for all positive s), and we shall specialize to
the case of partitions only at the end of the paper.

To prove (i) we go from the assumption on #(%) to a resulting property of
the generating function f(s) by an Abelian argument, and then from this
property of f(s) to the assertion about P(x#) by a Tauberian argument. The
latter argument follows the method developed by Hardy and Ramanujan
[5], for the special case in which the slowly oscillating function is a power of
the logarithm.

To prove (ii) we go from the assumption on P(u) to a resulting property
of f(s) by an Abelian argument and then from this property of f(s) to the
assertion about #(#) by a Tauberian argument. The latter step is accom-
plished in two stages, in order to make use of a known Tauberian Theorem
[4, Theorem 108].

The material in this paper is essentially the same as that contained in
the author’s doctoral dissertation at the University of Illinois under the direc-
tion of P. T. Bateman, to whom the author is deeply grateful.

2. Definitions and properties of slowly oscillating functions. Let the func-
tion L(x) be defined and positive valued for all sufficiently large x, and let it
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be continuous and such that L(cx)/L(x)—1 as x— » for every fixed positive
¢. Then L(x) is called a slowly oscillating function.

We shall make use of the following properties of slowly oscillating func-
tions:

(i) L(x)=K(1+r(x)) exp [7(5(t)/t)dt where K is a positive constant,
while r(x) and §(x) are continuous functions, which tend to zero as x tends to
infinity. See [6; 8]. In the sequel in order to assure the differentiability of
L(x), we will occasionally assume that it is exactly (and not merely asymp-
totically) of the form K exp [7,(5()/t)dt. Whenever this assumption is made
it will involve no loss of generality. A slowly oscillating function of this special
form will be called a normalized slowly oscillating function and will be de-
noted by J.

(ii) The convergence L(cx)/L(x)—1 as x— » is uniform in ¢, for ¢ in any
finite interval [a, b] with 0 <a <b. See [2; 6; 8].

It is easy to see that the following properties are consequences of the
above.

(iii) x¢L(x)— 0 and x~<L(x)—0 as x— « for every fixed positive e.

(iv) log L(x)/log x—0 as x—«. A proof of this is also to be found in
Pélya-Szegs [10, p. 68]. There L(x) is assumed to be nondecreasing, but this
is not necessary for the proof.

We will require the following lemma.

LEMMA 1. If a is a positive constant and L(x) is a slowly oscillating function
defined for x = xq, then

f e 1L(H)dt ~ x*L(x)/a as x — o,
z9

Proof. By (iii) both sides of the proposed asymptotic relation tend to
infinity with x. Hence it suffices to prove this relation with L replaced by J,
where J is the normalized slowly oscillating function associated with L as in
(i). But on integration by parts we have

a f TTWdt = 5T @) — e T () — f S0 Tt

[ o

and so

afzt"“lf(t)dt — x2J(x)
@ " . )
< 2o (x0) + f | 8(t) |t==T ()t + {max |a(¢)|} f t==1J ()dt

1

where x,<x;. Now given an arbitrary positive number ¢, we can choose x;,
so that IB(t)l <e for t=x,. Thus the right hand side of (2) is less than
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2 f =17 (1) dt

0
for sufficiently large x. Since e is arbitrary, the lemma is established.
3. The connection between n(z) and log f(s):

THEOREM 1. If [En(u)u—'du exists in the Lebesgue sense for every R>0 and
f(s) =exp {sfg" (emev/(1 —e““))n(u)du}, for all positive s, then the relation
n(u)~u*L(u) as u— o implies the relation

log f(s) ~ T'(a + 1 (a + 1)(1/5)*L(1/5) as s >0,

where a is a positive constant and L is a slowly oscillating function for u = u,.
(Here t(a+1)= D m_ 1/me+t and T'(a+1) = [y e'tedt.)

Proof. We first remark that if G(u)=/; (v*/(e—1))dv then there is a
constant K, such that G(u) <K u%e* for u=1. For

2u ©
G(u) < 2 f v*e"*dv + 2 f e (e %) dy
u 2

u

2u ]
=< 2(2u)°’f e~dv + 2e‘“f e 2y £ Kute .
u 2

U

Now let € be an arbitrary positive number, less than min (1, 1/3K}). Since

f “ du = Z u*edu = {(a+ DTl (a+ 1)
0

et — 1 m=1 1]

we may choose a positive 7 so small that 59%/a <e and a positive v so large
that

a

du| < e.
1

® et orary - [

Let us write

1ogf(s)=<ﬁ"+f:+fj)jf“f)l du=1+I+1Is

We now choose ¢, so large that |n(t)| <2tL(¢t) for t=ty. Then

" () 0}
S s [

t l n(t) l nls nls
§f t dt + ,'Zf t«m1L()dt = Ko + 2f t=1L(8)dl,
0 t ¢

0

|l =

Thus for sufficiently small s, we have by Lemma 1, the definition of a slowly
oscillating function, and the choice of 7
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3 /a9\* [ 4 1\« 1 1\* 1
i are ) ke o) <)
a S S a S N S $

Let s be so small that for =% we have

o) (Do (i(2)

1 T (u/s)*L(u/s)
=), s
(w/9)*L(w/5)

snsa+o(S) ST -

Now, since L(u/s)/L(1/s)—1 as s—0, uniformly for n S« <+, we have for s
sufficiently small

(1 — 2¢ (%)L(%)f: eu’f . du

1\« 1 LA
S (14 2 (—) L(—)f du.
s s . e¢—1
Using (3) this becomes

(1 — 2 (%)LG) {tla+ DT+ 1) — ¢
=1 §(1+2€)( )“ <s>{§'(a+1)f‘(a+l)+e}.

By property (i) of a slowly oscillating function we have for sufficiently

small s,
° (u/s)*L(u/s 1\* > wu u
psa [T W 4y (LY [ (%,
v er — 1 s v € —1 s

where J is the normalized slowly oscillating function associated with L as in
property (i) of a slowly oscillating function. Now

f; eu’f 1 J(s)du— —G(u)]< ) +f G(u)a( ) —v( )du
seo(7)+ {mr [o(5) [}, o () e
=) f] 5 (0)
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for s sufficiently small, since G(u) <K; u%e *<Ku*/(e*—1) for u=1 and
since [G('y)l =e by (3). Hence, by the restriction e<1/3K;, we have for s
sufficiently small

® oy u 2e 1 1 1
f ](— du < J<——> < 3&](—) < 4eL<—),
y et —1 s 1 — Kqe s s s

so that I;=12¢(1/s)eL(1/s).
Since € is arbitrary, our result follows from the estimates for I, I, and I,.
The Tauberian counterpart of Theorem 1 is:

THEOREM 2. If [Fn(uw)u='du and [En(u)u=' log udu exist in the Lebesgue
sense, for every positive R, f(s) =exp {s Jo (e / (e~ —1))n(u)du} for all positive
s, and n(u) is nondecreasing, thentherelation

log f(s) ~ ¢(a + I(a + 1)(1/5)=L(1/s)

as s—0 implies the relation n(u)~u*L(u) as u— «, where a is a positive con-
stant and L is a slowly oscillating function for u=u,.

Proof. We give the proof in two stages in order to make use of a known
Tauberian Theorem. Define N(u) = D n_, (1/m)n(u/m). This exists, since

* 1 u * 1 u v (e
(4) Z——n<—><f —n<—)dx=f le,

m=2 M m 1 X X 0 ¢
the non-negativity of #(x) being implied by the hypothesis. Clearly N(u) is
a non-negative, nondecreasing function of #. Now

0 e——su
sf - n(u)du
o ev—1

= Y':‘sf e n(u)du

m=l

0
0 0 1 u
£ L)
m=1 0 m m

sf e~*“N(u)du.
0

log f(s)

It

It

To this last expression we apply [4, Theorem 108] and obtain N(u)
~t(a+1)usL(u) as u— .

It remains to show that the relation N(u)~{(a+1)u2L(%) as u— « im-
plies the relation n(u)~u*L(u) as u— «, under the assumptions of the theo-
rem.
From the definition of N(u«) and the properties of the Mébius function we
obtain
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n(u) = E u(m) (m>

ma=1

This requires proving that

ZZ#(M) (u)

m=1 k=1 mk mk

is absolutely convergent. This is the case, since by (4) we have

2 R T S R M)
v+ [ 2, 5) "
N(u)+f (1+lg )ﬁdt

and these integrals exist by hypothesis.

Let € be an arbitrary positive number less than 1/{(a+1). Choose m,=2
so large that ! Z:,,,,OH u(k)/k"+1| <e and (1/mg)*<e/3. Choose u, so large
that

- o(2)e(H)srn=v(E)sa+a () e(3) e+

and

1 — 2 142
( )L()<L< )é(+€)L(u)foruguoand1§k§mo.
1 —¢ k 14 ¢

Then

pafaa “(k) (—) — wL(wt(a + 1) me L)

k=1 k hatl
| l

<2 f: weL(w)t(a + 1) < 268%a + DuL(w).

Since Y s, (u(k)/k**Y) =1/¢(a+1), our choice of m, guarantees that

;"VE u(k) (_) L)

; < 3et?(a + DuaL(u).

Choose ¢y so large that l N(t)[ 222L(t)¢(a+1) for t=tp. Then for sufficiently
large u
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> B N(%)} < f: N/ 1 - fo "4 tu/moN(t)rldt

k=mo+1 k X 0

u/mo 3 /u\ [ u
f Nt dt + 2¢(a + l)jv tIL(Ndt = ;(;) L<;>§‘(a + 1)

< euL(u)¢*(a + 1),

by Lemma 1 and the choice of m,. (The above computation is valid if
f(lfN(u)u‘ldu exists in the Lebesgue sense for every positive R. This is indeed
the case under the assumptions of the theorem since

foR Niu) du_S_foR <;(u)+f —dt)
_ Rn(u) R(_lit n(t)
e ()
=f0R n(u)d +fRn() 5 a,

which exist by assumption.) Combining the preceding results we obtain

i #(k) (_) L)

{ n(u) — uxL(u) | = P

< 4e§‘2(a + D uL(w).

Since € is arbitrary, our theorem follows.

4. Additional properties of slowly oscillating functions. For the purposes
of completing the following theorems it will be necessary to introduce a rela-
tionship between the variable # which tends to infinity and the variable s
which tends to zero. That is we must define the variable s in terms of u. To
this end we prove the following lemmas.

LEMMA 2. Suppose A and o are positive constants and J(u) is a normalized
slowly oscillating function defined for u = u,,

J(u) = Kexpfuﬂdt

where K is a positive constant and §(u) is a continuous function which tends to
zero as u— . Then for every sufficiently large u there is a unique positive num-

ber o, such that
1 a+l 1
Ou Oy

In addition we have the following:
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(a) 0. tends monotonically to zero as u— =,
(b) o4 is a differentiable function of u and

doy, —0u d a
—_—~—, —(uau)Ncr.,( )as u— o,
du  u(a + 1) du a+1

(c) u‘”‘"‘“){AJ(l/cru) it = g, =y~ @D L, (4) where Li(u) is a slowly
oscillating function,
(d) If o4 s defined for u=u,, then

u 1
f atdt~(1+—>uauasu—> w0,
ug @

Proof. Since the expression 4(1/g)2*'J(1/0) is a continuous function of &
which tends to « as 0—0 (by property (iii) of a slowly oscillating function)
and since

A O A O e & I e B

for small o, the existence and uniqueness of o, for large u, as well as the prop-
erties (a) and (b) follow immediately from the inverse function theorem.

To prove (c) we note that by (b) we have for arbitrary positive € and
large u

—(Atdou _dow —(1 = Jou
wle+1)  du ule + 1)
Hence for fixed H=1 and large %, we have
_(1+6)fHudu fﬁui @<_(1._€) Hud_u
a+1 o du = a+1 “ u
or
(1 — ¢ log HY ) < log:—u- = (1 4+ ¢ log HY@tD
Hu

If H<1 we reverse the limits on the integrals, obtaining the same result with
the inequality signs reversed. Since e is arbitrary, lim,., log (¢./0x.)
=log HY@*D or oy, /d,~H-1tD for large u. We now let L,(#) =ul/(atDg,,
It is then clear that L,(%) is a slowly oscillating function.

In order to establish (d) we write

u u (a+1) 1
f ot =ft(°"(°‘+1))‘1L1(t)dt~ w! @O () =1+ — )uo,
a a

%o up

as u — «,
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where we have made use of property (c) to establish the first and third rela-
tions and of Lemma 1 to establish the second.

In the case of a more general slowly oscillating function than the one con-
sidered above we are able to assert only that s, is asymptotic and not neces-
sarily equal to #~V(tDL,(u), where L;(u) is a slowly oscillating function.
This is because wul(=tDs, may not be continuous in general, since
A(1/s)«+t1L(1/s) may not be monotonic in the small.

LEMMA 3. Suppose A and o are positive constants and L(u) is any slowly
oscillating function. Then for every sufficiently large u, there exists a positive

number s, such that
1 a+1 1
- a()H(E)
su Sll

In addition we have the following:
(a) sy tends to zero as u— «,
(b) s. 1s determined up to a factor which tends to one as u— =,
(c) There is a slowly oscillating function L,(u) such that
1\) VtD
Sy = w et {AL(——)} ~uUetDL(u) as u— .
Su
In fact, if L(u)=14ru))J(u) where J(u) is a normalized slowly oscillating
function and if o, is as defined in Lemma 2 relative to J, then u='/@+DL,(u)
=0,.

Proof. Since the expression 4 (1/s)**L(1/s) is a continuous function of s
which tends to infinity as s tends to zero, the existence of s, for large # and
the property (a) are immediate. By property (i) of a slowly oscillating func-
tion, L(x#) must have the form (1+47(u))J(x) where J(u) is of the normalized
form discussed in the preceding lemma. Hence

1 a+1 1 1
=a(5) O+ () (%)
Su Su Su
Thus for large u

u —1/(a+1) u
Su = Ou/4r(1/s = — L —_— 1l_l(a+l) L (u)
R <1 + r(l/m) ‘(1 n r(l/s,o) :

as 4 — ®©

where L(u) is as obtained in the previous lemma. This shows the validity
of (b) and (c).
5. The connection between log f(s) and log P(u):

TuEOREM 3. Suppose [EP(u)du exists in the Lebesgue sense for every posi-
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tive R, f(s) =s[o P(u)e~*“du, for all positive s, B and o are positive constants,
L is a slowly oscillating function, and s, is a positive number defined for large u
such that w=Ba(l/s,)*'L(1/s,). Then if P(u) is nondecreasing, the relation
log f(s)~B(1/s)2L(1/s) as s—0 implies the relation log P(u)~(1+1/ca)us,

as u—r o,

Proof. Since adding a positive constant to P(#) merely adds a constant
to f(s), we may assume P(u) =0 for all positive . Property (i) of a slowly
oscillating function and Lemma 3 (c) shows that there is no loss of generality
in assuming L(1/s) of the special form

1 s 5(4)
J(—) = K exp f — di.
R 1 ¢

We shall make this assumption throughout this proof. Let € be an arbitrary
positive number less than 1. For any #>0, s>0 we have

P(u)e~s» = sf P(u)e—**dx < sf P(x)e**dx
since # <x and P(u) is nondecreasing. Thus, since P(u) is non-negative
P(u)e s < sf P(x)e~*2dx = f(s).
0

Hence, by the hypothesis on f(s), we have for all sufficiently small s

i <esp 0+ 05(2Y (L) 4 k.

The estimate will be about the best possible if we choose s so that (1/s)2L(1/s)
+su is about as small as possible. Since 6(1/s)—0 as s—0 and

d 1\¢ 1 1\t! 1 8(1/s)

—{B —)L—)-I—su =—Ba(-—- L~)1+ >+u,

ds s s s s a
this minimum occurs, for large #, when s is near that value such that u
=Ba(1/s)*t1L(1/s). This is the value of s denoted by s, in the statement of

the theorem. Using this value of s, and replacing B(1/s,)°L(1/s.) by us./a
we obtain

P(u) < exp {(1 + €) (1 + %) us,,}

for large u.
To get a lower estimate for P(u) for large u we also consider f(s,). We
split f(s.) =s.fo P(x)e~**«dx into five parts
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ul/H (1-u A+$)u Hu ©
suf +suf +suf —I—suf +suf
0 u/H (1—-)u (1+u Hu

where H is a fixed positive number such that
H = max {1, (8a + 8)1+1/« (8a~! 4 8)a+1}

and { is a positive number less than 1, an exact choice of which (in terms of
€) will be made later ({ =¢/3).

The five parts of f(s,) we denote by Ji, Jo, Js, Js, Js, respectively. We
shall use the upper estimate for P(«) obtained above to show that the con-
tributions to Ji, Jp, J4, and Js to f(s,) are comparatively small.

Now P(x) <exp {2(1 +1/a)xs,} for large x and «xs, is increasing for large
x (by Lemma 2(b)) and tends to infinity with x. Hence we have for large u

wlH 1 m 0
J = s, P(x)e~=udx £ exp {2 (1 =+ —)——— su/H} suf e Toudy
a) H 0

1
exp {4(1 + —) H“"/‘““)us,,}
a

since s, u~HY(+Vs, by Lemma 2(c). Hence J;Zexp {usu/Za}, since H has
been chosen so that H = (8(a+1))1+1/e,

For x =2 Hu,where uissufficiently large, we have P(x) <exp { 2(14+1/a)xs, } .
We claim P(x) Sexp {xsu/Z } for x = Hu. It suffices to show that 2(1+4+1/a)xs,
=<«xs,/2 for x= Hu. Since s, is a decreasing function of x for large x, and hence
SHuZ Sz, for x= Hu, it suffices to show 4(14+1/a)sy,=<s,. Since by Lemma
2(c), sgu~H"UtDs, and thus sp,/s, <2H-Y+D for large u, we need only
show 2H-V+) <1/4(141/a). This clearly holds since H has been chosen
= (8(1+1/a))ett, Thus we have

IIA

Js = suf P(x)e*mdx < s..f el gy < suf e rouldy = 2,
Hu Hu 0

We now define #(x) so that ¢ (x) =s,, that is we take J(x) = [ s.dt, where

to is such that s, is defined for all t=¢,. Now by Lemma 2, d(x)~(1+1/a)xs,

and 9" (x)~ —s./x(a+1). We assume % so large that d(x) =(1429)/(1+n)

-(1+1/a)xs, and P(x) Sexp {(1+n)d(x)} for x=u/H, where 7 is a positive

number less than 1, to be chosen later in terms of {, H and «. The integrand

in Jp and J; does not exceed exp { 1 +n)d(x) —xsu} on the interval [«/H, Hu].

Let ¢(x) = (14+7)d(x) —xs,. Applying Taylor’s Theorem to ¢(x) around x=u
(the maximum value of ¢(x) occurs near x =u), we have

(x — u)?
2

o(x) = ¢(1) + (x — )¢’ (u) + ¢"(u + 6(x — u)) where 0 < 6 < 1.

Now
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1
o(u) = 1+ 93 (u) —usy = (14 29) (1 + -—) USy — USy
24

USy, 1
= + 217(1 + —) USy
a

a

and ¢’ (1) = (1 +9)¢ (4) — s, =n54.
Assume u so large that d"(x) 2 (—1/(1479))(szs/x(a+1)) for x=u/H.
Then if u/H=<x =< Hu we have

— Sz —SHu —SHu
=< < .
wa+1) " xlat+1) " Hula+1)

Now sgu~H-1etls, as u— o and so for sufficiently large u#, we have

¢"(@) = 1+ 7)9"(x) =

SHu = H“s,,.

Then if u/H=x=Hu we have
)

¢"(x) = Twat D)
Thus if x is in [(u/H), Hu]| we have
o) = — 4 2,,(1 + i)“su + Hnus, — — &
a a Hu(a + 1) 2
If in addition |x—u| ={u then
B(x) S — 4 217(1 + i) s+ Hyis, — — 20
a a 2H}(a 4+ 1)
<y {(2+3 + H>n - _L}mu
a o 2H*(a + 1)
USy et

— " USy
a 3H*(a+ 1)

provided we take
{2
" 6H e+ )2 + (2/a) + H)

Hence if # is sufficiently large, we have

n

1-u Hu

e @y 4 s, f et @y
I+

1 &2
Hus, exp {(— - —-——-—) usu} .
a 3Ha+1)

J2+J4§Suf

u/H

A
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Combining our estimates, we obtain for # sufficiently large

I Tt T+ Iy <3 {“5“1+H {(1 e ) t
' ’ ! = oep 2a S 4u EXP a 3HYa+1) usu!

1 2
é (H + 3)“8., exp {(: el 3—117(2—4‘——1—)> MS,‘}
ol )}
a A4AHa+1)/)
§-2

1
< exp {(— - 26> us.,} , where 6 = ———.
a 8H*(a + 1)

Now by hypothesis we have for s, sufficiently small, i.e., for  sufficiently

large
o fo- (L)
exp {(1 — ad) %} = exp {(—3; - 6) usu\} '

1
Jo=f(ss) = U1+ o+ Js+ T+ Js) = exp {(— —6>us.,}

a

{2 o (L)

for u sufficiently large. Now by the monotonicity of P(x) we have

Iv

f(su)

v

Thus

(HHu

(+D)u
Ji3 = s.,f P(x)erwdx = P((1 + g')u)suf e "hudx
(

1—u (1-$)u
< P((1 + ¢)u) exp {—(1 - g‘)usu}.

Hence for every sufficiently large u, we have

P(1+)u) = Jsexp {(1 — Qus.} = exp {(% —-2+1- ;) us,,}

> exp {(1 + %) (1—25— g')usu} = exp {(1 + %) 1- 2§)usu} .

Thus P((14{)u) =exp {(1+1/a)(1—3§')(1+§‘)usu} for u large, since s,
= sa4pw. On replacing (14¢)u by ¥ we have, for y sufficiently large, P(y)
zexp {(1-30)(14+1/a)ys,}.
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Now we take {=¢/3. Then for large v,
P(y) > exp {(1 — (1 + 1/@)ys},
and this completes the proof.

THEOREM 4. Suppose [EP(u)du exists in the Lebesgue sense for every posi-
tive R, f(s)=s[q P(u)e~**du, for all positive s, B and a are positive constants,
L is a slowly oscillating function, and s, is a positive number defined for large u
such that w=Ba(l/s,)*'L(1/s,). Then the relation log P(u)~(14+1/a)us, as
u— o implies the relation log f(s)~B(1/s)2L(1/s) as s—0.

Proof. As in the proof of Theorem 3, we may assume that L is a normal-
ized slowly oscillating function, so that Lemma 2 can be applied. We may
also assume that P(x)=0 for all positive x. Let 0<e<1/(2a+3) be given.
Then P(x)>exp {(1—€)(1+1/a)xs,} for sufficiently large x. Hence if % is
sufficiently large

1(sa) = suf(lﬂ)u exp {(1 —€) (1 + %) xSz — xsu} dx
= exp {(1 —€) (1 + —::) usu} suj:‘(lh)u exp { —s.}dx
= exp {(1 —€) (1 +l>us.,} exp { —us.} (1 — exp{ —eus.})
a
=

exp {(1 — 2¢) (1 + —1—> us, — usu} )

since exp { —eus, ] —0 as u— . Thus for  sufficiently large

USy 1\~ 1
log f(s.) 2 {1 — (2a + 3)¢} —= {1 — Qa+ 3)5}3(?) L(—).

Su

We proceed now to obtain the estimate from above. We split f(s,) into
the same five parts as in the proof of Theorem 3, and use here theestimates
from above for Jy, J2, Js, and Js, where H and { are chosen as before. This is
permissible since nowhere in the computation of these estimates did we make
use of the monotonicity of P(#). Indeed we used only the fact that P(u)
<exp {(14+€)(1+1/a)us.} for sufficiently large #, which is now immediate
by hypothesis. Here

a+)u +)u
Js = s.,f P(x)e~**vdx < suf exp { 14+ +1/a)xs, — xsu}dx
(

1-{u a-3)u

for u sufficiently large. Hence
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1 a+d)u
J3 £ exp {(1 + € <1 + —) a1+ g‘)us(1+;)u} suf exp { —xs,,}dx
« a=u
1
=< exp {(1 + € (1 + ——> 1+ ()usu} exp { —(1 - g‘)usu}
o4

since Sqinu = s, for u sufficiently large. With {=e¢/3 this gives
Js < exp {(1/a)(1 + 2a + 2)e)us.}.

Now, using this inequality and the estimates for Ji, Jo, J4, J5, obtained
in the proof of Theorem 3, we have for sufficiently large u,

1 USy
f(s.) = exp {(—— — 28) usu} + exp {(1 + (2a + 2)¢) }
. Sy,
= 2exp {(1 + (2a + 2)¢) }
22
=

exp {(1 + (2a + 3)¢)

us,,}
)
(03
USy 1\« /1
logf(s.) < {14+ Qa+3)e — = {1+ Q2a+ 3)43(—) L(—).
a Su Su
This inequality, together with the estimation of log f(s.) from below gives
the desired result, since when % runs through all sufficiently large positive
values, s, takes all sufficiently small positive values by Lemma 2.
6. Statement of results. The results obtained may be summarized in the
following manner.

MAIN THEOREM. Suppose that n(u) and P(u) are functions on the non-
negative reals and that [Fn(u)u='du and [En(u)u=" log udu and [EP(u)du exist
in the Lebesgue sense for every positive R. Suppose further that

0 e—su o0
exp {sf n(u)du} = sf P(u)e=* du
0o 1 —e 0

for all positive s. Suppose that o is a positive constant and that L(u) is a slowly
oscillating function. For large u let s, be a positive number such that

u=al(a+ Di(a+ 1) (i)m[‘ (i)

u 31:

and let L*(u) be a slowly oscillating function defined for large u such that
L*(w)~(1+1/a) {al (@+1)§ (e+1)L(1/s,) } @D, the existence of L*(u) being
guaranteed by Lemma 3(c).

() If n(u)~usL(u) as u— o and P(u) is nondecreasing, then log P(u)
~{1+1/a)us,~u@DL*(y) as u— .
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(ii) If log P(u)~(1+1/a)us,~u @t L¥(y) as u— o and if n(u) is non-
decreasing, then n(u)~uL(u) as u— ».

Proof. (i) follows Theorems 1 and 3, while (ii) is the result of Theorems
4 and 2.

In the case of partitions the functions #(#) and P(«) are automatically
nondecreasing and trivially satisfy the required conditions of integrability.
Thus we have the following corollary, as mentioned in the introduction.

CoOROLLARY 1. Suppose n(u) and P(u) are defined from a set A of positive
real numbers and a non-negative valued function Y(k) on the positive integers
as in the second paragraph of the introduction. Suppose o, s,, L(n), and L*(u)
are as in the Main Theorem. Then n(u)~uL(u) as u—« if and only if
log P(u)~(1+1/a)us,~ux*t1L*(u) as u— .

It should be pointed out that in any special case of the function L(u) it
will usually be possible to “solve” the equation u=al'(a+1){(a+1)
-(1/s,)*tL(1/s,), to obtain an asymptotic formula for s, in terms of u. As
an example, consider the function L(u) = K(log #)%(log log #)% - - - (logk )%,
logr # denoting the “kth iterated logarithm of «.” This function is slowly
oscillating. (See [10, p. 68].) Since log u~(a+1) log (1/s,) we have in this
case L(1/s,)=(1/(a+1))1L(n). Thus if L(«) has this special form, the con-
clusion of the above corollary reduces to:

COROLLARY 1*. Suppose n(u) and P(u) are defined from a set A of positive
real numbers and a non-negative valued function Y(k) on the positive integers
as in the second paragraph of the introduction. Suppose o and s, are as in the
Main Theorem while L(u) is of the form K (log u)%(log log %)% - - - (logr u)%.
Then, n(u)~usL(u) as u— » if and only if

1 1 a1y 1/(at1)
log P(u) ~ (1 4+ _) {al‘(a + Di(a + 1) (_) } uel @D I ()1 D
« a+1

asu— o,

This includes the Knopp-Erdés theorem mentioned in the introduction as
well as Brigham’s theorem and its converse as very special cases.

We remark that if Ay, Ny, - - -, are positive integers and if the greatest
common divisor of those N; for which ¢ (¢)=1 is unity, then an asymp-
totic relation for log P(u) of the sort given in Corollary 1 or Corollary 1*
is equivalent to the same asymptotic relation for log p(z) as # goes to in-
finity through ¢ntegral values. In fact, since the additive semigroup generated
by a set of coprime positive integers contains all sufficiently large positive
integers (see Knopp [7, pp. 60-63] and Ostmann [9, pp. 25-26]), it follows
that there is a fixed positive integer ¢ such that every integer not less than
¢ is expressible in the form m\; +ma\;;+ - - -, where my, m,, - - - are non-
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negative integers and ¢(ji) =1, ¢¥(j2) =1, - - - . From this it is easy to see that
p(n) = p(m) for any integers » and m with n—c=m =0. Hence
P(n — ¢)

P(n) = p(n) =

T n—c+1
for integral n=¢, from which the asserted equivalence readily follows.
When (k) =1 for all positive integral values of &, the generating function
f(s) =I5, (1 —e=¥)—¥® discussed in this paper relates to partitions into
parts taken from a set A= {\;, Ny, - - - }, repetitions being allowed. One is led
to ask whether or not similar conclusions might be obtained for partitions
into distinct parts taken from A. The generating function in the latter case is
g(s) =11 (A 4e%) = D= g(vm)e=*m, say, where vy, vy, - - - are again the
elements of the additive semi-group generated by A.
More generally we have the following result. The special case in which
L(u) is a constant was proved by Knopp [7].

COROLLARY 2. Suppose Y(k) is a function on the positive integers taking
non-negative integral values and is such that Y sigu W(k)~usL(u) as u— o,
where o 1s a positive constant and L(u) is a slowly oscillating function. Suppose
T, (e == a,)e=m and Q(u) = Y ».su q(vn). For large u let
s« be a positive number such that u=(1—1/22)al (a+1){(a+1)(1/s,)HL(1/s,)
and let L**(u) be a slowly oscillating function such that

L¥*(u) ~ (1 + %) {(1 - —21;>a1‘(a + Di(e + 1)L(siu>} Ut a5y — o,

Then

log Q(u) ~ (1 + 1/a)us, ~ ux! @D L[¥¥(4) as u — o,

Proof. If g(s) is the generating function here and f(s) = [ [;, (1 —e=s2)—¥®
then g(s)=f(s)/f(2s). By Theorem 1 we can conclude that log g(s)
~(1—=1/29T(a+1){(@+1)(1/s)2L(1/s) as s—0. Under the assumptions on
¥ we note that Q(«) is nondecreasing and so, since g(s) =s/g Q(u)e**du, the
result follows from Theorem 3.

COROLLARY 2*. Suppose ¢, q, Q and s, are as in Corollary 2 and L(u) is of
the form K(log u)u(log log u)% - - - (logx u)®%. Then if Y a,su¥(B)~uL(u)
as u— o, we have

tog 0(w) ~ (1 + %)

ay) 1/(a+1)
> } ua/(lﬂ'l)L(u)I/(a+1) as U — <.

. f<1 _ i)ar(a + D¢(a + 1)(
1 2a a-l—l
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